Electromechanical modes are predominantly determined by the machine rotor angles and speeds, and as a result, they provide the best visibility of such modes. These electromechanical modes are also observable in the network variables such as voltages and line currents, which are measured by PMUs. In this paper, by analyzing the electromechanical modes in the network variables, we can trace the propagation of electromechanical oscillations in the power network following a disturbance. In large power networks with multiple transfer paths across the interconnection it is not always clear how and where the oscillations propagate. Here, we seek to provide a rationale explaining how (the qualitative behavior) and where (transmission lines) network oscillations propagate. We first analyze the oscillations from real PMU data originating from a system-wide disturbance. Applying eigenvalue and sensitivity analysis we provide an analytical framework to understand the nature of the network oscillations. Closed-form expressions for the network sensitivities are provided. The results here important for building reduced models to assess transient stability and the selection of network variables as input signals to damp inter-area mode oscillations.
Introduction
Inter-area modes are predominantly determined by the machine rotor angles and speeds [1] - [5] , and as a result, they provide the best visibility of such modes. Thus electromechanical modes are also observable in the network variables such as voltages and line currents, which are measured by PMUs [6] and observed through simulations [7] . In this paper, by computing the electromechanical modes in the network variables, we can trace the propagation of electromechanical oscillations in the power network following a disturbance. These network variables have received less attention because they are algebraic variables which can change abruptly. Recently, an analytical framework to study voltage inter-area oscillations present in the bus voltage and frequency variables has been proposed [8] . This technique uses the linearized model of a power system with bus voltages and frequencies as output variables.
The purpose of this investigation is to generalize the results in [8] to analyze power system oscillations which may be present in any type of network variables. To motivate, we first analyze the oscillations observed during a major system disturbance that took place on 2/26/2008 in the Florida Reliability Coordination Council (FRCC) service area [9, 10] . The PMU measurements show that after the initial transient, the oscillations consist mainly of one single-frequency mode, peaking at different instants. A question of interest is whether these oscillations originate from a single mode. If this is so, how should the time delay be explained.
With the goal of explaining the origin of the phase shifts in the network variables, we use the multi-machine linearized power system electromechanical model [11] and extend the mode shape concepts to the network variables. We show that with no damping and constant impedance loads, all electromechanical oscillations are in phase. However, when damping or control equipment such as voltage regulator models are included, the eigenvector matrix will indicate phase shifts. The time delays related to these phase shifts show a strong resemblance to those observed in PMU data.
To obtain the mode shapes, we perform a detailed sensitivity analysis of the network variables and provide analytical expressions [12] . This analysis provides a theoretical understanding of oscillations as directly measured by PMUs on high-voltage transmission systems. Finally, network sensitivities and eigenvectors are used to obtain the modal components in the network variables, thus providing a rationale explaining the phase shifts observed in the modal components of the synchrophasor data.
The remainder of the paper is organized as follows. In Section 2 we analyze the network oscillations originating from the 2/26/2008 FRCC disturbance. In Section 3 we determine the origin of the phase shifts in the electromechanical mode shape. In Section 4 we perform sensitivity analysis of the network variables and provide closed-form expressions of the network sensitivities. Afterwards, in Section 5 we map the network sensitivities onto the electromechanical mode shapes and explain the nature of the modal components in the network variables, illustrating with a fourgenerator, two-area system [12, 13] . Applications for interarea mode tracing and PMU siting are suggested in Section 6 and conclusions are presented in Section 7.
Nature of Network Oscillations Observed from Phasor Measurement Data
We study the power system inter-area oscillations excited by the FRCC system disturbance by analyzing archived phasor measurement data. We aim to analyze the oscillatory components and characteristics contained in these measurements. We use the All identified components for the 0.22 Hz mode in the voltage angle are shown in Fig. 3a , and those for the 0.49 Hz mode are shown in Fig. 3b . A snapshot of the voltage angle components is taken at t=3 sec., and is used for the projection of the 0.22 Hz mode shown in Fig. 3c The most important observation that could be made about the oscillations discussed above is the following: for all of the network variables, the independent modal components do not peak at the same instants. There is in fact a time delay between the modal components. This time delay can be viewed as a phase shift between the modal components in the frequency domain. In the next section we will investigate this phase shift by analyzing the mode shapes of a test network.
3 The Electromechanical Mode Shape
Multi-Machine Electromechanical Model
In this section we develop a basic understanding on the origin of electromechanical mode phase shifts by performing eigenanalysis on different linearized models of multi machine power systems. We start with the electromechanical model [15] . For an N -machine power system, the linearized electromechanical model in state-space form is given by
where
where i, j = 1, . . . , N. We will refer to this model (1) as the electromechanical model with damping, and to matrix A as the state matrix with damping. If the damping terms are neglected (D i ≈ 0) the model becomes
We will refer to A as the state matrix without damping. Many properties ofĀ and A have been studied [11, 15, 16] . In this investigation some characteristics of the eigenvectors of A andĀ are analyzed. These characteristics have strong effects on the phase shift of network variables as discussed later.
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Eigenvectors of the Electromechanical Models
Consider the two-area four-machine power system shown in Fig. 4 [12, 13] . The system is modeled using ( 
Note that only the components corresponding to the machine angles are shown. All the components of W (A) are real. Column 2, the inter-area mode mode shape in Fig. 5a , shows that G 1 , G 2 and G 3 are oscillating against G 4 , that is, Area 1 oscillates against Area 2.
Column 3, the mode shape for Local Mode 1 in Fig. 5b , indicates that G 1 and G 2 are mostly oscillating against each other. Finally, Local Mode 2 (Column 4) is mostly confined within Area 1 with G 3 oscillating against G 1 and G 2 . The most important characteristic to note is that the oscillations are either completely in-phase or anti-phase as reflected by the time-responses in Fig. 5c for the inter-area mode and Fig. 5d for Local Mode 1.
Using (1) we analyze the effect that machine damping has on the eigenvectors. The elements corresponding to the machine damping M −1 D inĀ are given by (5) and all other elements remain unchanged with respect to A.
Eigenanalysis is performed onĀ, yielding the eigenvector matrix in (6) at the top of p. 4. Note that the eigenvector matrix is now complex. For convenience it is shown in polar form. The main oscillatory characteristics discussed for the mode shapes from A are maintained for the mode shapes ofĀ. However, the components of each mode shape now present a phase shift due to the inclusion of machine damping. This phase shift is readily observed in the phasor diagrams in Figs. 6a and 6b. A more important observation is that in the time domain these phase shifts translate to time delays, making the oscillations in each mode peak at different instants as shown in Figs. 6c and 6d. It is interesting to note that the time-shifts shown in Figs. 6c and 6d strongly resembles those of the measurement data presented in the previous section. The phase shifts are particularly exhibited for "non-dominant" bus locations. Why do the network measurements exhibit phase shifts similar to those in the machine angle mode shapes ofĀ? In the following section we build upon the understanding gained from the mode shapes fromĀ, and generalize the results obtained in [8] .
4 Sensitivity Analysis of Network Variables
Network Sensitivities
By computing the sensitivities of the entire network, it is possible to predict the incremental behavior of the network variables when a small perturbation occurs in the power system. This is of particular interest because PMUs are capable of measuring synchronized network variable changes across wide-areas of the power system that emerge from small perturbations. Thus, an understanding of network sensitivities can provide insight for PMU data analysis of small signal oscillations occurring in large scale power networks. To illustrate, consider the n-bus, N -machine power system shown in Fig. 7 . Buses i to (i+4) are transmission and load buses remotely connected to generators j = 1, . . . , N. Regardless of their distance from the generators, these buses will be affected by changes in the internal machine angle of any generator. For example, a change in the internal angle of machine j, Δδ j , will be reflected in the voltage magnitude at the i-th bus, V i , in a proportion dictated by the network sensitivity (∂Vi/∂δj )| (o) . The total change in the voltage magnitude at bus i, ΔV i , will be the sum of all the changes in the machine internal angles scaled by their corresponding network sensitivity.
Similarly, if the current flow among buses i to (i + 4) is as indicated in Fig. 7 , the change in the current flow will also be affected by the change in machine internal angles. The complex line current flow changes will be proportionally distributed satisfying Kirchhoff's current law, i.e.,
Thus, it becomes possible to trace how the current oscillations are being divided among multiple lines/paths and propagated across the entire network.
To obtain the change of the voltage magnitude (ΔV i ) and angle (Δθ i ) at the i-th bus of the network with respect to the change of machine internal angles we obtain the Taylor series expansion of V i and θ i about an equilibrium. Denoting N as the total number of machines in the system, n
. . . the total number of buses in the system, and ignoring the higher order terms, the change of voltage magnitude at bus i due to the change in the machine internal angles is given by
Δδ n (7) where (∂Vi/∂δj )| 0 is the sensitivity of the i-th bus voltage magnitude to the j-th machine angle at the equilibrium point. In matrix form, the voltage magnitude changes at buses i = 1, . . . , n due to the change in the machine internal angles are given by "
. . .
Δδ1
| {z } Δδ (8) where ΔV is the vector of bus voltage magnitude changes of size (n × 1), and C Vδ is the bus voltage magnitude sensitivity matrix of size (n × N ).
Sensitivities may also be obtained for any other network variable can be obtained similarly. For the bus voltage angle changes, we have
where C θδ is the bus voltage angle sensitivity matrix of size (n × N ).
In a power system, with a total number of transmission lines connecting the sending end buses, f , to the receiving end buses, t, the current magnitude and angle changes w.r.t. the machine angle changes are given by
where ΔI ft and Δφ ft are the current magnitude and angle changes, respectively. Matrix C I ft δ is the current magnitude sensitivity matrix while C φ ft δ is the current angle sensitivity matrix, both of size ( × N ).
n-bus network with loads converted to constant impedances Figure 8 : n-bus network extended to the machine internal nodes
In general, the sensitivity matrices C Vδ and C θδ are obtained by numerical perturbation using simulation software such as PST [17] . Analytical expressions may provide further insight on their properties and the parameters affecting them. In the next section we provide closed form expressions of different network sensitivities.
Analytical Derivation of the Network Sensitivities
The first step to develop closed form expressions of the different sensitivities is to obtain a general expression of the network variables as a function of the machine internal nodes. To this aim it is possible to write nodal voltage equations that extended to the machine internal nodes, as shown in Fig. 8 . To include E j , the voltage behind transient reactaces x dj , we add N buses to the n-bus power system network, thus extending the admittance matrix to the machine internal nodes.
The internal machine buses are denoted by n + 1, . . . , n + j, . . . , n + N , which are the buses behind the transient reactances, x dj . The resulting admittance matrix differs from the admittance matrix used in load flow analysis in that the additional internal machine buses are included to account for the machine internal voltages,Ẽ j . In addition, loads are modeled as constant admittances and included in the diagonal elements of the admittances of the extended Y matrix. As a result, injected currents in all nodes other than the generator internal nodes are zero, i.e.
Denoting all the generator current injections asĨ N , generator voltages asẼ N , and bus voltages asṼ n , the node voltage equations are
From (12) an expression for the bus voltage phasors as a function of the machine internal voltages is obtained as
nnỸ nN is referred to as the bus voltage reconstruction matrix and has a size of (n × N ). Let the bus voltage reconstruction coefficient matrix be given bỹ
Ĩ ftĨtf where κ and γ are the magnitude and angle ofk. We can now obtain a generalized expression relating the voltage phasor at bus i with the machine internal voltages using
Hence the voltage at the i-th bus is a function of the machine internal angles δ j . In this expression,Ṽ i depends on the value of the machine internal voltage magnitudes at the equilibrium, E j , and the admittances in the voltage reconstruction coefficient matrixκ ij , with j = 1, . . . , N.
It is also possible to develop a generalized expression for the complex line current flow through any line of the power network. Consider the π-equivalent of a transmission line shown in Fig. 9 , the current from bus f to bus t is given byĨ
LettingỸ ft0 =ỹ ft +ỹ f 0 andỸ ft =ỹ ft , and writing the voltage for buses f and j in terms of the internal machine voltages using (15), we obtaiñ
whereΨ F T j = Ψ F T j ∠ψ F T j , and
The complex line current flow in Line f -t is a function of the machine angles δ j . The phasorĨ ft depends on the value of the machine internal voltage magnitudes at the equilibrium, E j , the admittances in the voltage reconstruction coefficient matrixκ ij , and the admittances and shunts between buses f and t. Expressions (15) and (17) are used to derive closed form expressions of the network sensitivities, a complete derivation can be found in [12] .
Voltage Sensitivities.
Given an N -machine power system, the bus voltage magnitude sensitivities for the i-th bus with respect to the j-th machine angle are given by
For the bus voltage angle
is the closed form formula to obtain the sensitivity of the i-th bus voltage angle to the j-th machine angle.
Current Sensitivities.
The line current magnitude sensitivities in any line from bus f to bus t with respect to the j-th machine angle are given by
is the equilibrium value of the line current magnitude, and β is given by (25) at the top of p. 7.
For the line current angle
is the closed form formula to obtain the sensitivity of φ ft with respect to the j-th machine angle.
Finally, the sensitivities of the real and imaginary part of the line current (16) are given by
Similar expressions can be obtained for the current from bus t to f by substituting the subscripts f t and F T with tf and T F , and using the appropriate coefficients and admittances.
(a) Two-machine 3-bus system
(b) Two-machine system extended to the machine internal nodes Figure 10 : Two-machine system one-line diagram and its extension to the machine internal nodes
Explicit Sensitivity Expressions for a Longitudinal Two-Machine System
As an illustration, explicit sensitivity expressions for the two-machine system with the parameters given in Fig. 10a are derived. Figure 10b shows the network extended to the machine internal nodes. The admittance matrix extended to the machine internal nodes is
from which the bus voltage reconstruction coefficients can be computed using (14) . Substituting the parameters shown in Fig. 10b , and letting
= j4
we obtain theκ matrix
note that the phase angles of the elements ofκ are zero, i.e., γ = 0. The bus voltage magnitude sensitivities can be obtained as follows. For Bus 1 they are
For Bus 2 the voltage magnitude sensitivities are
and for Bus 3
The bus voltage angle sensitivities are, for Bus 1
For Bus 2 the sensitivities are
and for Bus 3 the sensitivities are
More general expressions can be obtained for the twomachine system when n buses are between the two machines. In such case, the generalized closed form expressions for the i-th bus of the two-machine power system will be given by By partitioning the transmission lines in Fig. 10 into several segments and adding buses between the two machines, it is possible to compare the numerical sensitivities against the generalized expressions (43)-(46). Figure 11 shows the values for the different sensitivities, noting that the absolute errors are within the range indicated above for the explicit expressions. There is an excellent agreement between the numerical and analytical expressions.
In [12] a comparison is made for the voltage magnitude and angle, and current magnitude, current angle, and real and imaginary current sensitivities for a more complex power system.
Properties of the Network Sensitivities
We complete this discussion by providing some intrinsic properties of the sensitivities discussed above. For the bus voltage sensitivities the properties are
and for the line currents the sensitivity properties are
Both voltage and current sensitivities have the same property: the sum of sensitivities of the magnitude of the phasor 1 A formal proof of these properties is found in the Appendix. 
t. all the machine angles is zero, while the sum of the sensitivities of the angle of the phasor w.r.t. machine angles is equal to unity.
These sensitivity properties can be explained by using the phasor diagram in Fig. 12 . The voltage at the i-th bus of a two-machine system,Ṽ i = V i jθi , is perturbed by introducing small changes to the machine angles, Δδ 1 and Δδ 2 , resulting in the perturbed voltageṼ * i = V * i ε jθ * i . When the perturbations introduced to the machine angles are identical, the resulting perturbation to the bus angle will be equal to the value used to perturb the machines. The perturbation of each machine is appropriately scaled by the corresponding sensitivity. Hence, the sum of all sensitivities is one. Note that if only one of the machines is perturbed, the bus angle will only be changed in the proportion dictated by the sensitivity and the perturbation value.
Δδ 2
Δθ i Figure 12 : Illustration of the sensitivity properties
In addition, observe that the magnitude before the perturbation is the same as the magnitude after the perturbation, i.e. V i = V * i . Note from the phasor diagram that Δδ 1 scaled by ∂V i /∂δ 1 will oppose the change in the voltage magnitude from Δδ 2 scaled by ∂V i /∂δ 2 . Note that the value of the bus voltage sensitivities for this case is identical. Because both sensitivities are equal with opposing signs the change in the bus voltage magnitude, ΔV = 0. Hence, the sum of the sensitivities is zero.
Sensitivity Mapping onto the Electromechanical Mode Shapes
In this section we investigate how the eigenvector matrices discussed in Section 3, can be used to separate the components of each oscillatory mode contained in the total change of the network variables. This result was previously exploited in [8] , where we showed that it is possible to compute the bus voltage magnitude and frequency mode shapes. Here we extend this concept to include any type of network variable, and to understand how by mapping the network sensitivities to a particular mode shape from A it is possible to replicate the phase shift observed in the modal components of PMU measurements.
By mapping the network sensitivities onto the right eigenvector we obtain a network modeshape which indicates the observability of a particular mode in a specific network variable. The mode shapes as observed in the bus voltage magnitudes and angles for all the network buses are given by
where W is of size (N × N ) .
Similarly, for the line current magnitude and angle we have
where the subscript f t indicates that these are the modal components from bus f to bus t. Modal components for any other network variable can be obtained in similar fashion.
When the eigenvectors are computed fromĀ, the phase shifts due to damping will be mapped onto the bus voltages in a proportion dictated by the sensitivities, therefore reproducing the phase shifts observed in the network variables measured by PMUs.
To illustrate, consider the two-area four-generator system discussed in Section 3. 
Multiplying by the eigenvector column corresponding to the inter-area mode, the inter-area component of the bus voltage magnitude at Bus 7 is
Observe how each sensitivity scales its corresponding element of inter-area mode shape.
The eigenvector matrix computed from (3) has the interarea mode shape given by Column 2 of (4) Similarly, if the eigenvector matrix is computed from model (1), the inter-area mode shape is given by Column 2 of (6), and the inter-area component of the bus voltage magnitude becomes
Comparing (57) to (56) helps in understanding the origin of the phase shifts observed from phasor measurement data, that is, the presence of damping.
Illustration with the Two-Area Four-Machine System
We extend our discussion to consider the different network variables across the entire power system. The bus voltage magnitude mode shapes (the mapping of the sensitivities onto the electromechanical mode shapes) for all network buses are shown in the one-line diagrams in Figs. 4 and 13 for the inter-area mode, for both the case without damping and with damping, respectively, and the phasor diagrams in Fig. 14. These figures clearly show that the damping inĀ will give rise to the phase shifts across all bus voltage magnitudes in the power system. Consider the phase shift introduced to the voltage magnitude at Bus 1: when no damping is included S V (1,2) (A)=0.0544∠0
• and, with the effect of damping S V (1,2) (Ā)= 0.0547∠-7.14 • , thus the shift of -7.14 • is due to damping. Similarly for Bus 4, S V (4,2) (A)= • of difference between these two last quantities are a result of including damping. A more interesting case is Bus 8 which lies at the right end of the tie-line. Observe that
• , the -6.05
• being a result of the inclusion of damping.
It is worthwhile to note that these holds for any mode, for example, consider the bus voltage magnitude mode shape for Local Mode 1 shown in Fig. 15 . In this case there is a more prominent phase shift between Buses 1 and 12 than in Fig. 14 because Local Mode 1 mostly involves G 1 and G 2 , this is also reflected in the voltage mode shapes. It is also important to highlight that the observations above also hold for any network variable. Consider the bus voltage angle mode shapes in Fig. 16 . In the case without damping in Fig. 16a it is observed that the bus voltage angles are either completely in phase or in anti-phase. In contrast, Fig. 16b shows that the result of including damping is to have phase shifts in all the mode shape. Another important feature of this mode shape is that when comparing Fig. 16b to Fig. 6b it is realized that the machine angles outline a boundary within which the bus voltage angles exist. In The relative time delay between the voltage magnitudes at Buses p and q, can be calculated from the oscillatory frequency of the k-th mode and the phase shift at each bus by computing
where f k is the frequency of the k-th mode of the system, and
are the k-th mode phase shifts of the voltage magnitude oscillation in rad. at Buses p and q, respectively, and j = 1, . . . , N.
As an example consider the oscillations from Local Mode 1 at Bus 12, S V (12, 3) , and Bus 1, S V (1, 3) , as shown in Fig. 15 . The relative time delay is given by Equation (58) can be used to compute the time delays for any network oscillation by selecting the network sensitivity and mode of interest. Conversely, the relative phase shift between the buses can also be computed by knowledge of the time-response of the network from
where f k is the frequency of the k-th mode of the system, note that this frequency is different for any system mode, i.e., the inter-area mode frequency is different from the Local Mode 1 frequency. Using the expression above and selecting a reference voltage magnitude we can obtain the 
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Also of interest is the mapping for the complex line current flows. In Fig. 18 the mapping of W (Ā) for the complex line current flow is shown. Note from Fig. 18 that the phase shift is also mapped onto these network variables. Moreover, the phase lags shown in the phasor diagram in Fig. 18a will translate to the different time delays that can be observed in Fig. 18b . More important, it is interesting to observe how the oscillations distribute in different lines as shown in the one-line diagram in Fig. 18c . Note that in Fig. 18c , it is possible to compute the current balance for the real and imaginary part, and that we can also determine how the oscillations are distributed in each line. This new capability to "track" the oscillations has important implications as discussed next. The first use of the previous results is mode "tracing" or "tracking". Consider for example the line current flows in Fig. 18c . From Line 7-8, it is possible to see that the largest inter-area component in the line is provided by the current flow coming from Line 8-9. Tracing back this current flow, we see that the largest proportion of the inter-area 
Tie-Line Figure 19 : Inter-area Mode Active Power Mode Shapes mode contributions of G 4 goes directly through Line 8-9, while the remaining contribution of G 4 first has to be distributed among Loads L 5 , L 6 , and L 14 before reaching Line 7-8. This new ability to trace the propagation of inter-area modes is certainly of interest when analyzing power system dynamics over a large network, and it has many additional implications, one being measurement placement. For example, if a local or remote current measurement is to be used as input signal for damping control in G 4 , it becomes obvious from the discussion above that the line where the mode is the most observable is Line 8-9, and thus, this line is the best candidate location to place the PMU for such an application. The mapping for the active power flows has similar characteristics and implications as depicted in the network diagram in Fig. 19 showing the inter-area components of the active power flow components. The placement will become more obvious as the transmission lines with the highest inter-area components should be prioritized to be equipped with PMUs.
In the network in Fig. 19 there is only one line interconnecting Area 1 and Area 2. For the sake of discussion, consider the case when multiple lines are connecting the areas as in [8] . By applying the mapping it is possible to determine which line will carry the highest contribution of the inter-area oscillation. The placement will also become more obvious as the transmission lines with the highest interarea components should be prioritized to be equipped with PMUs.
Line current magnitudes and remote bus voltage angles with relevant modal contents are in general desirable feedback control signals for FACTS controllers [18, 19] . Our analysis here will clearly show the magnitude of the interarea mode present in the signals. In the case of using remote bus voltage angles, this approach will be helpful in selecting two bus locations whose bus angle difference contains predominantly the inter-area mode to be controlled. The phase of the inter-area mode would be useful in designing the appropriate phase compensation in a damping controller.
Although not discussed in this paper, a signal having robust inter-area mode contents under various contingency conditions would be more preferable for feedback control. 
the elements in the first parenthesis of (63) cancel with the elements of the second parenthesis, thus, the sum of all bus voltage magnitude sensitivities at bus i is zero.
Proof of property (62)
Property (62) 
Grouping all the summation terms in (65), except the j = N term, yields 
Next, we group all the other terms in (65) including the summation term for j = N ,
Expressions (66) and (67) can be used to rewrite (64) as N j=1
The V i expression in (15) can be rewritten in rectangular form as follows
using (69) we derive an expression for the bus voltage magnitude
To expand the two terms inside (70) we use the following identity 
The expanded form of the first term in the (70) 
Adding (72) and (73), and using the identity cos θ 1 cos θ 2 + sin θ 1 sin θ 2 = cos(θ 1 − θ 2 )
we obtain an expression for the voltage magnitude
From (74) we note that the expression inside the parenthesis in the left hand side of (68) corresponds to |Ṽ i | 2 , thus we conclude that the property for the the bus voltage angle sensitivities is
The line current sensitivity properties given in (48) follow the same proof as shown above for the bus voltage magnitude and bus voltage angle, and thus, are not shown here.
